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Abstract 
This paper revisits the late 19th and early 20th century techniques of graphic statics of three dimensional 
trusses and the Williot-Mohr Diagrams for displacement analysis of 2D and 3D trusses, but does so in 
a novel method made practicable only through the use of computer graphics and parametric tools.  Very 
little historical published information exists on the static analysis of three dimensional trusses.  A 1934 
paper on the statics of space trusses by Constant was 8 pages long and it generated 14 pages of 
discussions and comments upon its publication. Displacement analysis of trusses by means of purely 
geometric, kinematic tools was introduced in the United States by Molitor in 1894.  This displacement 
analysis method, known as the Williot-Mohr method, was widely described in textbooks devoted to 
structural analysis, but in a story that parallels that of Graphic Statics, the method was abandoned and 
nearly forgotten.  Yet even during the height of its popularity, it was always presented for 2D problems, 
never in 3D. We demonstrate how to create Williot-Mohr Diagrams in a computer programming format 
for 2D trusses, and we show the Williot technique with a Mohr-like correction for elementary 3D trusses. 

Keywords: Graphic Statics, Graphic Kinematics, History of Structures  

1. Introduction 
The use of graphical techniques for structural engineering analysis and design is currently experiencing 
a renaissance.  This renewed study of graphic analysis is due to advances in 3D visualization, and the 
increased availability of parametric modeling environments. With this resurgence of interest in historical 
techniques, scholarship continues to shed light on fascinating topics that were once well known, but 
today are barely heard of.  For example, very little historical published information exists on the graphic 
analysis of three dimensional trusses.  A 1934 paper on the use of graphic statics of space trusses by 
Constant [1] was 8 pages long and it generated 14 pages of discussions and comments upon its 
publication in the Transactions of the American Society of Civil Engineers.  That paper referenced 
Professor Mayor’s 1926 contributions [2] from the University of Laussane, but only in passing.  Two 
textbooks have small sections devoted to the graphic statics of 3D trusses, one by Sahag in 1958 [3] and 
one by Khan in 1966 [4].  Neither Constant, nor Sahag nor Khan discuss the kinematic analysis of such 
structures.  Displacement analysis of trusses by means of purely geometric, kinematic tools was 
introduced in the United States by Molitor in 1894 [5].  This method was first presented by Williot and 
modified by Mohr, hence it came to be known as a Williot Diagram with a Mohr Correction.  The 
method was widely described in textbooks devoted to structural analysis, but in a story that parallels 
that of Graphic Statics, the method was abandoned and nearly forgotten.  Yet even during the height of 
its popularity, it was always presented for 2D problems, never in 3D.  In this paper, we use a 3D 
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 parametric tool for 3D Graphic Statics of trusses.  The other contribution of our paper is that we 
demonstrate how to create Williot-Mohr Diagrams in a computer programming format for 2D trusses, 
and we use the Williot technique with a correction, for elementary 3D trusses. 

2. Historical Background 

2.1. The Williot-Mohr Method 
In the 1894 paper by Molitor [5] entitled “The Graphical Solution of the Distortion of a Framed 
Structure”, the author asserts that the graphical method for finding displacements of a truss are superior 
to the algebraic methods because they are “accurate and expeditious”.  He adds that the graphical 
methods proposed by Williot and refined by Culmann provide displacements of all the nodes in the 
planar 2D truss, whereas the algebraic method, now known as Virtual Work, provides only one 
displacement at a time.  Molitor cites the thoroughness of the 1893 textbook “Modern Framed 
Structures” [6], and it is true that this book does a remarkable job of summarizing, not introducing, 
extremely sophisticated state-of-the-art algebraic methods since it was then “less than fifty years since 
the first successful attempt was made to correctly analyze the stresses in a framed structure”.  That credit 
goes to Squire Whipple of Albany, New York who wrote an astonishing booklet in 1847 [7], a work 
that correctly analyzed bridges for both static and moving loads, and for computing the total “strain 
lengths”, i.e. deformations, of various styles of trusses. 

A three-bar truss is subject to a vertical load at its crown.  The reactions are found graphically, and each 
individual bar’s axial deformation is calculated in a graphical/parametric modeling environment.  

 

Figure 1: Elementary Williot Diagram Explanation 

The Williot method is purely geometric after this point.  It reconciles the unknown location of a point 
by small, permissible rotations of bars.  It assumes that some bar, for example bar A1 initially does not 
rotate.  It simply shortens but its orientation does not change from the original state.   

 

Figure 2: Williot Diagram Typical Initial Assumption 
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 The lengths are now correct, but a correction must be made to account for the requirement that the 
roller cannot move vertically. The Williot Diagram performs these kinematic calculations in an elegant 
and compact manner.  In the Williot Diagram, only the deformations are plotted, not the deformations 
added to the original lengths.  As before, one end is a stable, reference point and a bar associated with 
this reference point is assumed to initially not change orientation.    

 

Figure 3: Williot Diagram Only Changes in Length Plotted 

 
 

2.2. Early 3D Trusses, Graphic Statics 
A 1934 paper by Constant [1] describes a technique of replacing three dimensional forces meeting at a 
joint by a system of nonconcurrent, co-planar forces that are in equilibrium.  He calls this system the 
“conjugate system” and since the 3D problem has been reduced to 2D, it is solved quickly graphically.  
A reviewer of this 1934 paper noted that since “Maxwell’s diagram is used so widely by practicing 
engineers and even by undergraduate students, the analysis of space structures by the use of a procedure 
similar to the Maxwell diagram would be certainly attractive”.  It took three quarters of a century for 
such attractive techniques, longed for in 1934, to finally appear in research papers devoted to 3D graphic 
statics. 

A textbook by Sahag in 1958 [3] and one by Khan in 1966 [4] also touch on 3D graphic statics of trusses, 
but they do not reference the paper by Constant, nor do they have the elegance of Constant’s conjugate 
plane method.  However, they both introduce the idea of a temporary strut in 3D which adds an 
intermediate step in the 3D calculations, but the calculations are quick 2D ones.  We update this 
technique in a 3D parametric modeling environment, shown in Section 3. 

3. The 21st Century Approach 
The following example considers a tension/compression 3D structure, to be analyzed graphically.  One 
way of doing this is to create a force polyhedron as described by Akbarzadeh [8].  However, two simple 
techniques will be shown here, the two-step process suggested by Sahag and by Khan, and then a trial 
and error method which rapidly converges. The problem statement is shown in Figure 4, in which two 
compression legs and a tensile rope are supporting a vertical load.   
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Figure 4: Tension/Compression 3D Statics Problem Statement 

The two-step process should be started by establishing a plane from the applied load and one member 
(here that member was arbitrarily chosen as the tensile rope).  A second plane is established from the 
other two unknown members.  Where these two planes intersect locates the fictitious strut, which 
reduces the 3D problem to 2D one, as the first step of the two-step process.  This is shown in Figure 5. 

 

Figure 5: Tension/Compression 3D Statics Problem, Step 1 

Using the two-step process in 3D, first find the fictitious force OT, and the rope force OR.  This is really 
solving two equations in two unknowns, a well-known algebraic technique. Then resolve the fictitious 
force into two real leg forces, but do so immediately in 3D. 

 

Figure 5: Tension/Compression 3D Statics Problem, Step 2 
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 3.1. The Iterative Process in 3D 
Yet another way of performing a static analysis of this problem is to establish a force diagram in 3D, 
with parametric sliders controlling the magnitude of the forces in each of the struts (O’Q and O’P), but 
no slider is needed for the rope force (OR).  The slopes of all three of these are known, yet their 
magnitudes are unknown.  Of course, both the slope and the magnitude of the applied load are known.  
Here, sliders control the magnitude of vectors O’Q and O’P, and a line a parallel to the rope O’R is 
shown.  Moving the sliders of the shear leg force magnitudes rapidly shows how the line parallel to the 
rope will close the force diagram.  In this first attempt, the line is well above the origin of the applied 
load vector. A few quick manipulations of the sliders show the line parallel to the rope is now below 
the target.  

   

Figures 6a and 6b and 6c: Tension/Compression 3D Statics Problem, Iterative Approach  

And then it is not difficult to converge to the exact answer.  One way of finding the magnitude of the 
rope force is to measure the error between the terminus of this third force and the origin of the applied 
force.  When the error approaches zero, the system is in equilibrium. 

Having the force in each member, the cross-sectional areas, modulus and lengths allows for the 
calculation of axial unrestrained displacements δ.  The Williot Diagram shows only the δ values for each 
member. A kinematic analysis can proceed.  This example uses only the Williot Diagram, no Mohr 
correction is needed because only O’ is free to translate.  The exact same technique used in 2D can be 
replicated in 3D, yet in 3D, perpendicular planes are drawn instead of perpendicular lines.  Of course, 
in the early 20th century such drawings were impossible. To perform a kinematic analysis, material 
properties and cross sectional areas are needed.  Suppose E of each of the shear legs is 𝐸𝐸𝑙𝑙𝑙𝑙𝑙𝑙 =
1000 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑙𝑙

𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑡𝑡ℎ2
 and 𝐸𝐸𝑓𝑓𝑓𝑓𝑟𝑟𝑙𝑙 = 500 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑙𝑙

𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑡𝑡ℎ2
  The problem statement is shown in Figure 7. 

Let 𝐴𝐴𝑃𝑃𝑂𝑂′ = 3 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙ℎ2 and 𝐴𝐴𝑄𝑄𝑂𝑂′ = 0.5 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙ℎ2 and 𝐴𝐴𝑓𝑓𝑓𝑓𝑟𝑟𝑙𝑙 = 𝐴𝐴𝑅𝑅𝑂𝑂′ = 0.5 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙ℎ2 

 

Figure 7: Tension/Compression 3D Statics Problem, Kinematics Problem Statement 
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Figure 8: Tension/Compression 3D Statics Problem, Initial Williot Diagram 

 

Having the force in each member, the cross-sectional areas, modulus and lengths allows for the 
calculation of axial unrestrained displacements δ.  The Williot Diagram shows only the δ values for each 
member. Note that in Figure 8 it is good practice to label an axial deformation with the second index 
referring to the sought-after quantity.  Thus, use δQO’ rather than δO’Q. 

A plane perpendicular to two of the axial deformations, here δRO’ and δQO’ takes the place of small 
tangential arc swings in the 2D.  The line at the intersection of these two planes, is found.  This line is 
needed to reconcile the final location of point O’. Repeat this technique with two other planes, then 
locate their intersection.  This is the second line of interest. The intersection of the two lines (red and 
blue), this locates the loaded tip’s displaced position. Alternatively, at the onset, find the intersection of 
the three perpendicular planes. The tip displacement matches theory exactly. 

 

 

Figure 9a and 9b: Tension/Compression 3D Statics Problem, Creating Tangential Planes 

 

  

Figure 10: Tension/Compression 3D Statics Problem, Final Reconciliation of Unknown Point 
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 3.2. A More Complex 3D Example 
Figure 11 shows a 3D truss with three free nodes, six pinned nodes at z=0, and nine struts, since each 
free node has three degrees of freedom which must be stabilized.  Two of the nodes are subjected to 
a force resultant of 17.32 units of force as shown (Fx=Fy=Fz=10).  The Cartesian coordinates of each 
node are also shown.   

 

Figure 11: Nine Degree of Freedom 3D Problem, Problem Statement 

The two-step process is applied to the static equilibrium calculation of joint A.  Joint A is chosen because 
it has only three unknowns.  Arbitrarily choose a plane made by the resultant applied force and member 
AV, and a second plane made by members AB and AC.  The intersection of those two planes establishes 
the location of the fictitious force.  Solve for that force, as well as the force in AV.  Then immediately 
resolve the fictitious force into AB and AC.   

Next, move to Joint B since that now has only three unknowns. Arbitrarily create a plane from member 
AB (now known) and member BU.  Create a second plane from members BC and BT.  The intersection 
of those two planes establishes the slope of the fictitious force. Note, all that is needed is the slope of 
this line.  Solve for BU and for the fictitious force, then immediately decompose the fictitious force into 
BC and BT.  This is shown in Figure 12. 

 

 

Figure 12: Nine Degree of Freedom 3D Problem, Statics of Joint B 
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 Then, the applied force at C must be vectorially combined with the now known forces CB and CA.  
Figure 13a shows how the new load applied to joint C is different than the original load.  Then, 
arbitrarily make a plane with this net force and member CQ.  Make a second plane with CR and CS.  
The intersection of these two planes defines the fictitious strut slope.  This is shown in Figure 13b. 
Solve for the force in CQ and solve for the fictitious force, then resolve the fictitious force into CR 
and CS.  This is shown in Figure 13b. 

 

 

Figure 13a, 13b Completion of Statics 

The kinematic analysis proceeds as follows.  Begin the analysis on node C, since there are three struts 
down to the ground stabilizing this point. Recall that the statics began at A (one strut to ground), 
proceeded to B (two struts to ground) and ended at C (three struts to ground), whereas the kinematics 
goes in reverse order. After taking into account the original load and the strut forces CA and CB, the 
three stabilizing struts CQ, CR and CS are sufficient to complete the kinematic analysis of C.  Draw the 
Williot diagram and resolve the final location of C. 

Then move to node B, but conditionally stabilize it using struts BU, BT and BC where Point C is 
considered pinned in space, not on the ground.  Furthermore, a correction analogous to the Mohr 
Correction in 2D can be immediately applied.  The correction is made by adding the “settlement”, or 
already known movement of Point C.  To do this, create one origin of B based on BU and BT.  Then 
shift from this origin to a second origin, based on the known displacements of C.  Then draw the Williot 
extension 𝛿𝛿𝛿𝛿𝛿𝛿.  Create perpendicular planes to δCB, δTB and δUB. Draw a vector from Origin 1 (the 
assumed point), not Origin 2 (which accounts for the correction needed due to the movement of the 
previous node).  This final vector gives the displacement of the second node. This is shown in Figure 
14. 

 



Proceedings of the IASS Annual Symposium 2017 
Interfaces: architecture.engineering.science 

 

 

 9 

 

 
For the third node, create three origins, one assumed on the strut going down to the ground, one based 
on the movement of B, and one based on the movement of C. The vector from the first origin to the final 
resolved point (from three perpendicular planes), is the final displacement of that node.   

 

4. Conclusion 
Static and kinematic analyses of 3D space trusses have been shown using state of the art computer 
modeling tools.  The technique of the Williot-Mohr diagram for kinematics of 2D trusses has been 
extended to 3D in a compact manner that takes advantage of 3D modeling tools.  New light has been 
shed on this nearly forgotten technique, and it is fully expected that further research into historical 
graphical techniques will uncover even more methods for students and researchers to explore. 
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